a compact complex manifold does not satisfy the equations in general. In this paper, we consider duality of Hodge numbers of compact complex nilmanifolds.
Introduction
Let M be a compact Kählerian manifold of dimension n, and h p,q = h p,q (M) a Hodge number of M. Then, M satisfies h p,q = h q,p , and h p,q = h n−p,n−q for each p, q by the Hodge theory. However, a compact complex manifold does not satisfy the relations in general even if M admits a pseudo-Kähler structure. It is now wellknown that if a compact nilmanifold Γ∖N admits a Kähler structure, then N is an abelian group and Γ∖N is a torus, where N is a simply connected real nilpotent Lie group, and Γ is a lattice in N ( [1] , [7] ). If a compact complex parallelizable nilmanifold Γ∖N admits a pseudo-Kähler structure, then N is an abelian group by a result of Dolbeault cohomology groups of compact complex parallelizable nilmanifolds ( [4, Theorem 3.2] , [8, Theorem 3] , [9] ). Thus, it is important to investigate properties of Dolbeault cohomology groups of non-toral compact complex nilmanifolds.
In this paper, we discuss duality of the Hodge numbers of compact complex nilmanifolds, and we prove the following result and its generalizations. 
Theorem 1 1. There exists a compact real parallelizable nilmanifold Γ∖N and its complex structures J

Dolbeault cohomology of compact real parallelizable complex nilmanifolds
In this section, we recall results of Dolbeault cohomology groups of compact complex nilmanifolds. Let N be a simply connected real nilpotent Lie group, and n its Lie algebra. It is well known that N has a lattice if and only if n has a rational structure, i.e., if there exists a rational Lie subalgebra n Q such that n ∼ = n Q ⊗ R.
Let N be a simply connected complex nilpotent Lie group, and n the Lie algebra of N. We denote by n ± the vector spaces of the ± √ −1 eigenvectors of complex structure, respectively.
Theorem 2.1 ([9]
). Let N be a simply connected complex nilpotent Lie group and Γ a lattice in N. Then,
* play important role (see sections 3, 4) .
Let N be a simply connected real nilpotent Lie group of which Lie algebra n has a rational Lie subalgebra
Theorem 2.2 ([2]
). Let N be a simply connected nilpotent Lie group with a rational complex structure J. Then,
for each p, q.
Main result
In this section, we prove our main result. Let us consider the following nilpotent Lie groups defined by
Let n 1 = (n 1 , J 1 ), n 2 = (n 2 , J 2 ) be Lie algebras with a complex structure corresponding to N 1 , N 2 , respectively.
Then,
is a basis of leӔ invariant holomorphic type vector fields on N 1 , and
is its dual basis. Then,
Thus, we have∂
∂ω 1 =∂ω 2 =∂ω 4 = 0,∂ω 3 = −ω 1 ∧ω 2 .
On the other hand,
is a basis of leӔ invariant holomorphic type vector fields on N 2 , and
Thus, we see∂ τ 1 =∂τ 2 =∂τ 4 = 0,∂τ 3 = −τ 1 ∧ τ 2 , ∂τ 1 =∂τ 2 =∂τ 3 =∂τ 4 = 0.
We can easily see that N 1 and N 2 are isomorphic as real Lie groups ( [11] ). Indeed, let 
and the other brackets being zero. By a straightforward computation, we have
Hence, by Theorem 2.1, we see
On the other hand, by Theorem 2.2, we see 
Let us consider a linear isomorphism from ⊕p+q=r
induced by the mapping
Note that the mapping is well-defined by the relations (1), (2). We also see that
, we see that
Hence, we have 
Remark 3.2. In the previous paper [11] , we see that Γ∖N 1 has a holomorphic symplectic structure
and Γ∖N 2 has a pseudo-Kähler structure structure
Thus, it is natural to compare deformation spaces of these structures. 
Generalization
In this section, we consider generalizations of main result. Let us consider the following Lie algebra g over R:
where a is Lie subalgebra of g, and b is an ideal of g.
Consider the complexification g C of g. Since g C = g + √ −1g, R (g C ) has the following basis:
where
for each i, j, k. Note that ( R (g C ), J) is a complex Lie algebra.
We define other complex structure on R (g C ) bỹ
for each i, j. Let R (G C ) be the simply connected real Lie group corresponding to R (g C ). Then, we have the following proposition.
Proposition 4.1 ([11]).J is integrable on
Proof. We show that the Nijenhuis tensor NJ vanishes.
NJ(X, Y) = [X, Y] +J[JX, Y] +J[X,JY] − [JX,JY] = [X, Y] + J[−JX, Y] + J[X, JY] − [−JX, JY] = 2([X, Y] + [JX, JY])
The other cases are similar, and hence omitted.
From now on, we assume that a and b are abelian. Put
be the dual basis of
for each i, j. Then, we can take a basis of the space of the leӔ invariant (1, 0)-forms of ( R (G C ), J) as follows:
with the equations
In particular, we havē
for each i, j. Then, we can take a basis of the space of the leӔ invariant (1, 0)-forms of ( R (G C ),J) as follows: 
We consider the following subspaces of H
:
Note that the mapping is well-defined by the relations (3), (4) . Then, by definition, we see
, and
we have the following propositions:
we have our proposition.
Proposition 4.4.
Proof. By considering elements of H
, we have that
Thus we obtain our claim.
Proposition 4.5. If g is nilpotent and
for each s.
Proof. Since∂λ i =∂µ j =∂μ j =∂λ i = 0 for each i, j, we see
, we see
.
By the assumption that g is nilpotent ([10, Theorem 1.3]), we see It is a contradiction by Stokes' theorem. Thus, h 0,s (g
. The other equations are obvious. 
Examples
Example 5.
Let H(q, p) be the nilpotent Lie group defined by
We denote by h(q, p) the Lie algebra of H(q, p). p1,j=1,...,q1,s=1,...,p2,t=1,. ..,q2
with nontrivial equations p1,j=1,...,q1,s=1,...,p2,t=1,. ..,q2 .
Then, h
1,1 (g
. Indeed, note that h 0,1 (g
Thus,
By Proposition 4.4, we obtain our claim. 
Example 5.2. Let us consider the nilpotent Lie groups defined by
N 1 = ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ ⎛ ⎜ ⎜ ⎜ ⎝ 1 x 1 x 2 z 0 1
